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Introduction
For vertices v = (v 0 , . . . , v n ) and weights w = (w 0 , . . . , w n ), for w i > 0, let σ [v, w] be the associated rational Bézier path of degree n. Some classical derivative bounds of Floater [5] are [14] considered the problem of identifying the value of λ > 0 which minimises the quantity
The objective was to improve upon the above derivative bounds of Floater by exploiting the invariance of the curve under Möbius transformations of the form t → λt(1 + (λ − 1)t) −1 , for fixed λ > 0, which transform the weights by w i → λ i w i . In [14] the optimal Möbius parameter λ is not identified in closed form; it is shown that it is obtainable from
where it is necessary to determine integers j 0 and k 0 for which
Here,
(log w i − log w i−k ), and
In subsequent work, Cai and Wang [2] provided an alternative approach to the above result of Zheng for curves, with the benefit that their approach generalised to rectangular Bézier surfaces. Again, the optimal Möbius parameters were not identified in closed form, and in the surface case, the implicit equations satisfied by the optimal Möbius parameters (see Theorem 3.6 in [2] ) are substantially more complex than those in the curve case given above.
Our goal in this paper is to obtain closed form expressions for the optimal Möbius parameters as functions of the weights. We also wish to improve upon the minimal derivative bounds obtained from the work of Zheng and Cai-Wang in terms of the size of the bounds, by obtaining the minimal bounds associated to smaller derivative bounds than those of Floater in (1) and (2) . To this end, in this paper we consider the derivative bounds of the form
where
It is known (see [9] ) that (3) holds when τ = 2 and γ 2 = 1, for all n ≥ 2, and these bounds are smaller than those in (2). When τ = 1 it is conjectured in [8] that (3) also holds with γ 1 = 1 for all n ≥ 2; if true, this means such bounds are also smaller than those in (1). This conjecture has been verified for n = 1, 2, and is currently open for n ≥ 3; more precisely, the current best known results on the conjecture (see [12] and [8] ) are
n even, n = 6 2 n = 6.
Our main result is that we compute the minimal bound associated with the estimate in (3) and the analogous minimal bound for rectangular surfaces. Importantly, our approach is elementary, easily applies to the curve case and the surface case, and it yields closed form expressions for the optimal Möbius parameter. Moreover, in many cases (described more precisely below), we obtain smaller bounds than those obtained in [2] and [14] .
To state our main results we write w ∼ w, if w i = λ i w i for some λ > 0, and introduce the notation Λ τ (w) = miñ
for the minimal (or invariant) bound associated to a pointwise bound Λ τ (w). For curves, our main result is the following.
is a rational Bézier path of degree n with vertices v = (v 0 , . . . , v n ) and positive weights (w 0 , . . . , w n ), then the pointwise bound
, where
, which is attained at weights (w 0 , λw 1 , . . . , λ n w n ) corresponding to the optimal Möbius parameter
For surfaces, we have the following analogue.
is a rational rectangular Bézier surface of degree (m, n) with vertices v and weights w = (w 0,0 , . . . , w m,n ) then a pointwise bound of the form
for some γ τ > 0, has minimal bound m∆ τ (v) Λ τ (w), where
which is attained for weights λ i w i,j corresponding to the optimal Möbius parameter
In the next section, we prove Theorems 1.1 and 1.2. In the final section, we prove that our results are sharp in a certain sense; this is made possible precisely because we obtain closed-form expressions for the minimal bounds in our theorems above. Finally, in an Appendix, we present some numerical examples to highlight the gain provided by our results over the previous work in [2] and [14] .
2. Proofs of Theorems 1.1 and 1.2
Our approach is elementary and Theorems 1.1 and 1.2 will follow almost immediately from the following lemma.
which occurs at λ = (min
Proof. For x i > 0, the functions f We write x k = min j {x j } and x ℓ = max i {x i } (it is not important that the choice of k and ℓ may not be unique). Then, we have max i {f
2 is the value of λ at which f 
as claimed.
For Theorem 1.1, with w i = λ i w i we have Remarks. (1) . At this stage, we can point out why our approach is significantly simpler than that in [2] and [14] , particularly in the surface case. The reason is that in the expression
the second index j is the same on the numerator and denominator, and as a consequence, the parameter µ does not appear in the minimisation problem.
(2). As far as we are aware, the only previous known results on minimal bounds for arbitrary degree are those in [2] and [14] . Comparing our results with those obtained in these papers, we remark that in the case τ = 2, our minimal bounds for both curves and surfaces are smaller for all n ≥ 2. When τ = 1, since we have already noted in the Introduction that we can take γ 1 to be either 1 or 2 for n ≤ 6, our minimal bounds are smaller for such degrees. We also remark that our minimal bounds will automatically improve subject to any further progress on the conjecture of Li et al concerning the minimum value of γ 1 . If the conjecture is completely confirmed for all n ≥ 2 (or, less strongly, if we can take γ 1 ≤ 2 for all n ≥ 2) then our minimal bounds will be better than those obtained in [2] and [14] for the remaining n ≥ 7 in the τ = 1 case.
(3) There are pointwise bounds which improve upon bounds of the form (3); see, for example, some of the derivative bounds obtained in [1] , [3] - [7] , [9] , [11] - [13] , and also the useful overview of such bounds in [8] . However, except for the pointwise bounds Λ τ (w) under consideration in this paper, the associated minimal bounds appear to be difficult to compute for arbitrary degree (especially so in closed-form).
Sharpness of our minimal bounds
In this section we write I i , for i = 0, . . . , n − 2, for the independent set of invariants for the rational Bézier paths of degree n defined by
Consequently, for such w, the associated minimal bounds for which γ τ = 1 are sharp.
Proof. Observe that if I i (w) ≥ 1 then wi+1 wi ≥ wi+2 wi+1 and it follows immediately from Theorem 1.1 that
In addition, it is easy to show that (
w0wn and therefore (4) holds. For the sharpness claim, we note that
For such w, it follows that when γ τ = 1 the associated minimal bounds are sharp.
Recall that when τ = 2 we can take γ 2 = 1 for all n ≥ 2, and when τ = 1 we can take γ 1 = 1 for n = 2, 3.
By modifying the above proof, it can be shown that when I i (w) ≤ 1, for all i = 0, . . . , n − 2 we have
, which means such bounds always exhibit singularities near the origin of the invariant space. It would be interesting to find pointwise bounds smaller than Λ τ (w), for which singularities do not occur in this way; the authors [1] have demonstrated in the quadratic path case that this can be done.
Appendix
For comparative purposes, we use the same numerical examples used in [2] to highlight our gain.
For rational Bézier paths of degree 6 with weights w = (5, 2, 8, 56, 80, 96, 64):
(i) Using the pointwise bound of Zhang-Ma (corresponding to τ = 1, γ 1 = 2) we obtain, from Theorem 1.1, the minimal value 105∆ 1 (v), whereas [2] (and [14] ) yields 294∆ 1 (v).
(ii) Using the Selimovic bound (corresponding to τ = 2, γ 2 = 1) we obtain, from Theorem 1.1, the minimal value 6( 
